S1 Appendix.
BOSE normal mode computation when the mass matrix is present.
First, denote by m the total number of blocks in a system, and by n the number of atoms in each block. Let H (i) be the 3n × 3n Hessian matrix of the i-th block in isolation, and M (i) be its n × n diagonal mass matrix, where i = 1, ..., m. Note that the superscript with parenthesis " (i) " represents the i-th block. The j-th mode v
j of the i-th block is determined by solving the following generalized eigenvalue problem:
where ⊗ is the operator of the Kronecker product, I k is the k × k identity matrix, and λ
j is the corresponding eigenvalue of the j-th eigenvector v
k for ∀j < k. The elasticity matrix J (i) of the i-th block is defined, as follows, in a form of 3n × l matrix:
where l is the number of modes to use for each block, and p is the second norm of a vector p. The elasticity matrix J of the whole system is defined by combining J (1) , ..., J (m) , as follows, in a form of 3nm × lm block diagonal matrix:
In the above, each column vector of J is a 3nm × 1 unit vector. Let H be a 3nm × 3nm (sparse) Hessian matrix of the system in the Cartesian coordinates. The reduced Hessian matrixH is defined, using J, as follows:
where stands for transpose. Letṽ j and λ j be the j-th eigenvector and its corresponding eigenvalue, respectively, obtained by solving the following generalized eigenvalue problem:
whereM is defined, using the nm × nm diagonal mass matrix M of the whole system, as follows:
In actual implementation,H andM should be computed block by block as in Eq (8) to save memory and computational time. Now the i-th mode v i of the whole system in the Cartesian coordinates can be obtained as follows:
